In the Mohr-Coulomb criterion, the shear strength of sands is typically characterized by the internal friction angle, which depends on many factors such as grain size and distribution, the mineralogical origin of the particles, particle shape, unit weight, geological history, cementation, saturation, and overburden pressure. In this study, the empirical relationships among three particle shape indices, diŠerent fractal dimension deˆnitions, and internal friction angles were investigated. Within this context, direct shear tests were conducted on 38 diŠerent types of sands from diŠerent origins and with various grain sizes. For each type of sand, image analyses were performed toˆnd out the roundness, sphericity, regularity parameters belonging to individual grains. Additionally, several statistics of these parameters for diŠerent types of sands were determined. The results revealed that particle shape has a limited eŠect on the friction angle of sands in comparison to grain size distribution. Furthermore, it was found that decreasing regularity in particle shape caused an increase in the internal friction angle of uniform sands. Theseˆndings agree with the empirical relationship between the internal friction angle and particle shape suggested in the literature.
INTRODUCTION
The shear strength of granular soils is commonly investigated in terms of stiŠness degradation, yielding, friction, compressibility, hardening and softening, creep, etc., which is an approach supported by research on the micromechanical eŠects of these mechanisms (Bolton, 1999) . The linear and nonlinear behavior of soils measured through triaxial tests has been modeled by several researchers (Duncan and Chang, 1970; Chi et al., 1993; Roscoe et al., 1958; Roscoe and Burland, 1968; Desai and Siriwardane, 1984) . The utilization of constitutive relationships for design practices is still not very common among most practicing engineers, since such relationships may involve additional di‹culties such as the correct identiˆcation of the soil parameters in theˆeld. Therefore, approaches which establish and apply empirical relationships between the strength and the microstructural properties of soils have been preferred. In cohesionless soils, particle shape and roughness aŠect particle interlocking, which in turn impact the shear strength behavior. Soils are constituted by discrete grains that cannot move freely; therefore, elastic and plastic deformations occur in the vicinity of the interparticle connections. Lambe and Whitman (1969) identiˆed three types of deformation in granular soils, namely, a) deformations occurring in the soil skeleton, b) deformations stemming from bending in platy grains, and c) deformations occurring because of shear and the rotation of the grains (Fig. 1) . In this context, the shear strength of cohesionless soils is a function of both the soil skeleton deformation and the relative movement of individual grains. If the strength of a grain of soil is lower than the forces transferred to that grain, crumbling and crushing, which cause a certain loss in soil strength, may occur. The interparticle frictional theory wasˆrst suggested by Terzaghi (1960) . The rolling of grains over each other can be observed under very low shear forces and this phenomenon decreases the contact surfaces. In other words, because of the high variability of normal contact forces, extremely low shear forces may lead to rolling of grains ( Fig. 1(c) ). Nevertheless, high normal contact forces cause an increase in the number of interlocked neighboring grains as well as in the wedging phenomena in the vicinity of angular particles. Terzaghi (1960) indicated that there is a discrepancy between the dimensions of the shear surface and the sand grain size. From this point of view, the probability of an increase in the shear surface interfaces of larger grains and the existence of many interlocked grains on the shear surface lead to an increase in the internal friction angle (q) and shear strength.
In this paper, an experimental study was performed to establish relationships between several particle shape parameters and the shear strength of sand, which was simply represented by q. Firstly, the particle shape was characterized by indices such as roundness, sphericity, and regularity, along with diŠerent measurements for the fractal dimensions. Later, shear box tests were conducted on 38 diŠerent types of sands to measure their internal friction angles. Afterwards, meaningful relationships between q and several particle shape parameters were developed. It should be mentioned that the established relationships are speciˆc to the sands in this study. Test results and investigations on well-graded sands possessing diŠerent grain size distribution characteristics were compared to analyze the eŠect of particle shape. Additionally, poorly graded sands of similarˆnenesses were compared to distinguish the eŠect of particle size on the q values. Experimentally obtained q-fractal dimension relationships were given to indicate the best fractal descriptors for parameter q. Moreover, the rates of increase in the q values were correlated with the standard deviation of several particle shape parameters, which provided reasonable relationships. Based on the results of the experimental study, it was conˆrmed that particle shape is the main factor aŠecting the internal friction angle of sands, not particle size or grain size distribution. Furthermore, an empirical correlation was developed in this study from particle shapes or their related statistics.
SHAPE CHARACTERIZATION AND THE SHEAR STRENGTH OF SANDS
It is well known that one of the most important factors aŠecting the mechanical behavior of cohesionless soils is grain size distribution, which directly in‰uences the void ratio. Principally, under similar conditions, well-graded soils usually have a lower void ratio and higher strength in comparison to poorly distributed soils from the same origin (Casagrande, 1936; Holtz and Kovacs, 1981 ; Rahman, 2010).
Many researchers have investigated the grain size and the shape properties of granular materials. The eŠect of particle shape on the properties of soils was discussed by several investigators (Koerner, 1970; Holubec and D'Appolonia, 1973; Kezdi, 1974; Ng, 1999) . A Fourier analysis is a very useful method for quantifying particle shape and texture (Meloy, 1977; Masad and Button, 2000) . While Barret's study (1980) separated the parameters deˆning the roughness of rocks as form factors, roundness, and roughness, Bowman et al. (2001) deˆned particle roughness using a descriptive number. Bolton (1999) listed the deˆciencies in the theories utilizing the mechanics of continuous media, remarking that these deˆciencies could be reduced by focusing on stress and crumbling micro mechanisms. Wong (2001) carried out triaxial tests to evaluate the strength parameters of soils, stating that the dilation before the peak strength is eŠective on the behavior of granular soils. Dodds (2003) discussed the eŠect of particle shape and rigidity on many aspects of soil behavior. Santamarina and Cho (2004) emphasized that elipticity and ‰akiness induce stress-based anisotropy. Alshibli and Alsaleh (2004) stated that increasing surface roughness causes an increase in the friction and the dilation angles of sands.
Image processing methods have been widely used in many disciplines of science, such as feature extraction, evaluation and detection of crack propagation, data mining, shape characterization, medical applications, remote sensing, and geo-visualization. In geotechnical engineering, image processing methods are very often used for the shape characterization of cohesionless soils. The advantages of using digital image processing techniques for shape identiˆcation have been emphasized by many researchers (Persson, 1999 Masad and Button, 2000) . Evaluating the shape of sand grains can be helpful in determining several of the properties of soils such as index properties, the shearing behavior, and densiˆcation under a certain compactive eŠort.
On a two-dimensional scale, digitized images of sand grains on a known scale are su‹cient for an automated particle shape analysis. An abbreviated procedure for computer-aided particle shape analyses is as follows. Initially, the image of the phenomenon or an object is obtained ( Fig. 2(a) ). Then, it is decided whether color or gray photos are capable of expressing the nature of the problem or not. Afterwards, the morphological opera- tion for applying the source image is determined. After the visual improvement of the investigated object, the pixels of interest are thresholded ( Fig. 2(b) ). Theˆnal image is binary and contains values of one and zero ( Fig.  2(c) ). Subsequently, undetected pixels inside the particle boundaries within the image are identiˆed by the application of simultaneous dilation/erosion and void-ˆlling operations. Erosion and dilation operations can simply be deˆned as operations which eliminate small irregular objects from particle surfaces. An opening is deˆned as an erosion followed by an equivalent dilation. On the contrary, closing is the combination of successive dilation and erosion operations. The aim of these operations is to obtain a simpliˆed binary image of the object as well as to increase the precision of the measurements used in the determination of particle shape (Soroushian et al., 2003; Sezer et al., 2008) . The simpliˆed procedure of the image processing method for extracting the features of a grain of sand is shown in Fig. 3 . It should be emphasized that grain images are aŠected by the image resolution. In order to achieve images of acceptable resolution, grain photographs of 3132×2325 pixels were obtained via a 7.1 megapixel camera. The microscope was charged to acquire images including 5 or 6 grains of sands of diŠerentˆnenesses to avoid any errors in the texture determination. Therefore, the magniˆ-cation of the digitized sand images was thought to be su‹cient for making evaluations at a high level of precision. 1 pixel corresponded to 0.00662-0.00670 mm, 0.00209-0.00219 mm, and 0.000691-0.000705 mm for coarse, medium, andˆne sands, respectively.
MATERIALS AND METHODS

Particle Shape Identiˆers
In this investigation, sphericity, roundness, and regularity, as deˆned by Cho et al. (2006) , are quantiˆed using digital image processing technique. The roundness parameter is
where ri is the diameter of an inscribed circle tangent to the edge of a particle, N is the number of inscribed circles, r inner-max is the diameter of the largest inscribed circle, and r is the roundness parameter. The sphericity (s) is dened as the ratio of the diameter of the biggest inscribed circle (rinner-max) over the diameter of the smallest outscribed circle (router-min), namely,
The regularity parameter (r) is the average of these parameters r＝ r＋s 2
As an alternative to traditional measurement methods, the fractal dimension can be utilized to characterize the shape of irregular objects widely encountered in nature (Mandelbrot, 1975) . The fractal dimension approach was derived from the need to characterize the shapes of irregular objects when classical measurements for shape determination are inapplicable. This concept can be dened for objects possessing self-similarity. Self-similarity is valid for objects possessing similar characteristics in various parts, regardless of the level of scrutiny. As the particle shape changes, the fragmented pattern of the particle changes. This can be observed by the values of diŠerent fractal dimensions. Areas of application in geotechnical engineering have been found for various deˆni-tions of fractal dimension for problems related to the evaluation of particle breakage, the estimation of changes in grain and pore size distributions, and compaction characteristics. In this context, geometric multifractals and distribution-based analyses are the most common fractal models for modeling the variability in the shape of soil grains (Perfect and Kay, 1990; Bitelli et al., 1999; Wang et al., 2006) . Although roundness, sphericity, and other shape parameters seem to represent the various aspects of particle shape, fractal geometry is capable of representing these parameters as a whole (Gori and Mari, 2001) .
Various fractal dimension parameters were presented by Hyslip and Vallejo (1997) , namely, the area-perimeter, the line divider, and the box counting methods. For the area-perimeter method, image processing techniques are used to obtain the area and the perimeter of the grains. To apply Mandelbrot's proposal of the``linear ratio of extents'', the following formulation is utilized (Mandelbrot, 1983):
where c is a constant value for the fractal shape possessing similarity, P is the perimeter of the grain, A is the area of the grain, and DR is the area-perimeter fractal dimension of the grain. The following expression can be obtained by taking the logarithm of the two sides in Eq. (4):
log P＝k＋ DR 2 (log A)
In Eq. (6), k is a constant, which is equal to the product of constants DR and log c. Actually, the slope of the bestt line to the A-P plot in the logarithmic space is equal to 2/DR. However, this model cannot determine the fractal dimensions of individual soil grains. In essence, areaperimeter fractal dimensions are calculated for a grain population, which makes the use of a line divider more feasible for the fractal dimension determination of separate grains.
According to Mandelbrot (1983) , lines of a unique size (l) or a``yardstick'' can be used to form a polygon inside the boundaries of a grain; thus, the perimeter of this polygon can be described as
where P( l ) is the perimeter of the polygon composed of yardsticks of length (l ), and D is the line divider fractal dimension of the grain under investigation. The method is especially useful in digitized images with descending yardstick sizes. Plotting the polygon length against the yardstick size, the fractal dimension, relating the slope of the best-ˆt line to this plot (h) can be calculated as shown in Eq. (8)
Three types of fractal dimensions are deˆned in the line divider method. The P( l)-l plot usually possesses two broken best-ˆt lines. In other words, the lineˆtting the polygons of the smaller yardstick sizes represents thè`t extural'' fractal dimension ( D1). The line to the right of the breaking point indicates the``structural'' fractal dimension ( D2). The total fractal dimension ( Dtot) represents the best-ˆt line to the entire data set. Hyslip and Vallejo (1997) suggested that the maximum yardstick size should not exceed 0.3 times the maximum grain diameter.
The fractal dimension calculated by the box counting method describes the grain size distribution, the fragmentation process, and the hydraulic processes in the media surrounding the soil. Actually, the box fractal dimension is a parameter describing particle shape, which is generally used to deˆne the fragmentation process of a rock particle possessing irregularity and randomness (Hyslip and Vallejo, 1997; Yoshida, 2003) . The counted box numbers given for the formulation of box fractal dimensions vary with the particle shape. Therefore, this parameter can be treated as the descriptor of the particle shape. In addition, the box fractal dimension is also related to the packing and the shearing strength of granular media (McWilliams et al., 1993; Yang et al., 2003) . The box fractal dimension is used as a descriptor of the variation in the internal friction angle of sands, along with packing and relative density. The box counting method is based on the theory whereby the number of grains smaller than a predetermined size can be formulated exponentially as follows:
where x is the particle size, X represents the grains greater than size x, N is the number of grains, k is a constant, and Dbox is the fragmentation fractal dimension (Huang and Zhan, 2002; Wang et al., 2006) . Plotting the box size over the number of grains denoted in Eq. (9), the following equation can be obtained:
where hbox is the slope coe‹cient of the N-x plot on the logarithmic scale.
The application of the area-perimeter method requires the determination of the grain binary image (Fig. 4(a) ) and the area, the perimeter, and the semi-logarithmic plotting of the area against the perimeter ( Fig. 5(a) ). Additionally, the total, the textural, and the structural fractal dimensions were calculated from the polygon lengthyardstick size plots. Examples of a yardstick drawing and line divider fractal dimension calculations for a grain of sand are shown in Figs. 4(b) and 5(b), respectively. Finally, the box fractal dimensions were calculated using Fractalyse software (Fractalyse, 2002) . Examples of box counting with boxes of diŠerent dimensions are illustrated in Figs. 4(c), (d), and (e). The calculation of the box fractal dimension is shown in Fig. 5 (c), which is simply the log-log plot of the box number against the box dimension.
In this investigation, particle shape identiˆers of at least 127 grains were determined for each sand type. Six representative sand grains of diŠerent sand types, as well as the corresponding particle shape identiˆers, are given in Table 1 . The most appropriate fractal dimension parameter, describing the variations in q, were also determined for sands used in the experimental study. It should be mentioned that the relationships were established via a trial-and-error approach, which are valid for the 38 types of the sands used in this research.
Physical Properties of Sands
The sands used in this study were fromˆve diŠerent regions of Western Anatolia, Turkey. Three types of sands were crushed materials (L, B, and A), while the remaining two (R and S) were natural. L, B, and A represent Limestone, Basalt, and Andesit sands, respectively. The Limestone sand (L) belonged to the Manisa Dededag formation and was dominantly composed of calcite. The Basalt sand (B) was composed of plagioclase, pyroxene, olivine, and opaque minerals and rock crumbs. B had a typical hypocrystal-line porphyrytic texture, which conˆrmed that this sand was a magmatic surface rock. The Andesit sand (A) was dominantly composed of plagioclase, with smaller amounts of biotite, pyroxene, and quartz. Additionally, spar calcites were also encountered in the image analyses. River sand (R), obtained from the Gediz River delta, was composed of mica, muscovite, biotite, and carbonate grains. The roundness of the R grains was presumably a result of the abrasion eŠect of the river water ‰ow. Lastly, sea sand (S) was obtained from the Aegean Sea shore at Selcuk. Sand S was dominantly composed of quartz and crushed limestone grains. The sands studied herein were composed of various minerals at diŠerent ratios and of diverse origins. The shape of the sand particles is aŠected by several factors including the composition of the parent rock, natural spacing, partings, the release of the grains from the matrix, the formation history of the grains, the transportation of the particles, the depositional environments of the material, the mechanical and the chemical processes acting on the particles, and weathering and mineralogy (Cho et al., 2006) . Moss (1966) noted that the origin, the Fig. 6 . Grain size distributions of S1, S2, S3, and S4 sands. The rest of the sands given in Table 2 have similar grain size distributions weathering processes, and the incipient fractures are rather eŠective on sand shapes. The shape of particles, including roundness and roughness, can change according to the weathering processes (Dodds, 2003) . The breakage and the cleavage surfaces are dependent on soil mineralogy and weathering processes; therefore, sands in this study have diŠerent particle shapes. Sands ofˆve origins were sieved to predetermined particle size distributions. For each origin, three of the sands in each group were graded to be poorly distributed and one group for each origin was graded to be well distributed. Moreover, the crushed sands were mixed with natural sands, 50z by weight, to increase the number of soil types. Grain size distribution types 1, 2, 3, and 4 represent the coarse-, medium-,ˆne-, and well-graded sands, respectively. According to the USCS classiˆcation, sand types 1, 2, and 3 were poorly graded, whereas type 4 sands were well graded. The grain size distribution of S1, S2, S3, and S4 soils are given in Fig. 6 . It should be emphasized that the grain size distribution of sands possessing similar sizes had the same or similar grain size distribution curves. Grain size distribution curves of the sands under investigation can be found elsewhere (Altun and Sezer, 2006) . The properties of the soils are given in Table  2 . The soils include neither gravel nor silt-clay-colloids. This was ensured by sieving the soil through a No. 4 sieve and washing the soils through a No. 120 sieve. Same or similar grain size distributions minimize the eŠect of the grain size distribution.
Following size segregation, three crushed sands were individually mixed with two natural sands. Then, specimens were prepared with these sands in four relative densities.
Direct Shear Tests on Sands
In order to observe the eŠect of particle shape on parameter q, shear box tests were employed on sands of diŠerent grain sizes. In essence, increasing the particle regularity aŠects the particle shape by a) increasing the diŠerence between the maximum-minimum void ratio values, b) decreasing the small strain stiŠness, and c) increasing the compressibility during the zero lateral deformation (Cho et al., 2006 ).
The eŠect of particle shape on the shear strength was investigated via shear box tests in accordance with ASTM D3080-04 at a constant shear rate of 2 mm/min. The tests were conducted under normal stress levels of 327, 654, and 981 kPa on sands of diŠerent shapes and origins, until residual strains were reached. Specimens, 6×6×2 cm, were prepared at relative densities of 20, 50, 75, and 90z. Figures 7(a) and (b) show the tests applied on coarse sands at relative density levels of 20 and 90z, respectively.
The tests were intentionally halted, after reaching a constant stress with increasing horizontal deformation. The horizontal deformations ranged from 6.4 to 9.5 mm for diŠerent relative densities and soil types. The peak and residual q values were then compared to the mean of several particle shape indices. Analyzing the shear stressstrain behaviors, along with the increase in normal stress, the stress-deformation curve of dense sands comprised of a peak and a residual deformation part, which became asymptotic towards the residual strength of the soil (Figs.  7(a) and (b) ). During shearing, the volume of loose sand decreased.
The eŠects of the specimen and the maximum particle size on the soil testing have been discussed in previous studies, especially in relation to the bearing capacity of foundations (Shiaraishi, 1990; Cerato and Lutenegger, 2006) . The ratio of the minimum specimen size over the maximum particle diameter of 6 is accepted as a universal assumption in most geotechnical testing procedures (Trenter, 2001) . Investigating the particle size distributions in this study, the maximum diameter of the particles veriˆed by image analyses were approximately 4.2 mm. Therefore, sands classiˆed as``coarse'' necessitate a specimen thickness of 25.2 mm. However, in the preparation of the specimens, the specimen height reached only 23 mm. This is due to the di‹culties involved with densifying coarse sands. Therefore, the criterion in ASTM D3080-04 was not satisˆed. However, the diŠerence in the actual and the proposed specimen heights was relatively small. The stress accumulation phenomenon as well as the boundary eŠects may be triggered at smaller particle sizes than the values proposed. However, the test results should be examined more carefully by taking the above issues into consideration, especially those related to coarse sands.
RESULTS AND DISCUSSION
Investigation of the EŠect of Particle Shape Parameters on the Internal Friction Angle of Sands
The shape of the sand grains, the relative density, and the shearing strength of granular materials are all directly or indirectly connected to each other. The relevance and the quantitative relations between these parameters is a complex problem which is related to discrete grain behavior, particle crushing, etc. The experimental part of this study deals with the eŠect of particle shape on parameter q, utilizing tests conducted on sand specimens prepared at diŠerent relative densities, including grains of diŠerent morphological characteristics. It should be stressed that the eŠect of particle shape is not literally independent of the relative density, while the reverse is also valid. Moreover, the quantitative distinction between the eŠects of these two parameters is quite di‹cult. However, the comparisons below provide valuable clues regarding changes in the parameter q of sands coupled with changes in relative density as well as particle shape identiˆers.
In order to evaluate the eŠect of particle shape parameters on the shear strength of sand, a number of tables, including quantitative information among the relation between the results of particle shape evaluations and shear box tests, was prepared. In Figs. 8(a), (b) , and (c), variations in the internal friction angle with relative density for sands of three sizes are demonstrated in separate graphs. Nonetheless, the variation in the three particle shape identiˆers, namely, parameters r, s, and r, of coarse, medium, andˆne sands is given in Figs. 9(a), (b) , and (c), respectively. The variation in the regularity parameter shown in Fig. 8 , at speciˆc relative densities and greater internal friction angles, is observed for sands of higher irregularity. Furthermore, from Fig. 8 , it can be stated that the increase in relative density values causes certain increases in q values for sands of similar gradations. This evaluation is valid for various sizes of sand (Figs. 8(a), (b) , and (c)). Since the regularity parameter includes the eŠects of sphericity and roundness values, the variation in q values presented in Fig. 8 shows that sands of lower regularity and roundness possessed higher friction angles. The q values in Fig. 8(a) (coarse sands) are slightly greater than those in Fig. 8(b) (medium sands), while the q values in Fig. 8(b) (medium sands) are greater than those in Fig. 8 (c) (ˆne sands) proving increases in the internal friction angle with increases in particle size. Additionally, Table 3 was prepared to calculate the maximum variations in q for sands of speciˆc levels ofˆneness and relative density. It is clear that for sands of speciˆc relative density, parameter q is changed by the variation in particle shape. In the table, the changes in q values by particle shape alteration are deˆned via parameter qc, which is expressed in Eq. (11), namely,
where qmax and qmin are the maximum and the minimum internal friction angle values obtained from tests on variously shaped sands of speciˆc sizes (coarse, medium, and ne) and the levels of relative density. As can be derived from Table 3 , the largest variations in friction angles were observed in coarse and medium sands. In addition, it is apparent that as the relative density increases, there is a change in parameter q, which is formulated by Eq. (11). It can be stated that the relative density is eŠective on the strength properties of sands, coupled with the particle shape. Whether particles are round or angular, the contribution of relative density to the strength properties of sands is quite consistent. From a micromechanical point of view, particle movements in a shear band will get easier as the particle size diminishes. Although it is known that larger particles are prone to establish stronger interparticle locking, the results of this study have conˆrmed the previousˆndings for a constant specimen volume, namely, the in‰uence of the eŠects of particle shape inˆner sand was less dominant. Generalizing the behavior exhibited in Figs. 8(a) , (b), and (c), it can be stated that tests on R and S sands, which were formed from particles possessing larger roundness, sphericity, and regularity values, yielded smaller q values in comparison to the crushed materials (L, B, and A). In addition, the eŠects of shape were more evident in the mixtures of natural and crushed sands. Inspecting the results of tests on coarse sands in Fig. 8(a) , shear strength tests on sand S, possessing large roundness, sphericity, and regularity values yielded signiˆcantly lower q values when mixed with``L'' sand. In contrast, tests on the crushed sands (L, B, and A) and their combinations with natural sands revealed larger friction angles. Similar behavior was observed for q-Dr relationships of medium andˆne sands (Figs. 8(b) and (c)). The increases in q values, related to the relative density values, are tabulated in Table 4 . The results for coarse sands show that the increase in the internal friction angle of the specimens ranged from 0.28-7.0z, 0-6.5z, and 0.9-4.1z as the Dr was increased from 20z to 50z, 75z, and 90z, respectively. The increases in q values for medium sands, due to the increase in relative density from 20 to 50z, 75z, and 90z, were computed as 5.7-19.7z, 4.0-14.7z, and 6.5-9.6z, respectively. In addition, forˆne sands, increases in Dr values from 20z to 50z, 75z, and 90z caused increases in the q values ranging from 10.5-19.0z, 11.6-16.5z, and 7.2-17.4z, respectively. No mathematical relationships could demonstrate the relationships between these parameters and their variations; nevertheless, as expected, the q values tended to increase as the relative density increased. As can be observed from Table 4 , the increase in Dr caused a higher rate of increase in the internal friction angle of the crushed materials, in comparison to that of natural materials due to their relatively high irregularity. In well-graded sands, a comparison is not plausible because the eŠect of particle shape on the strength behavior is less signiˆcant when compared to the changing grain size distribution. Examining the outcome of the tests conducted on well-graded sands in Fig. 10 and Table 4 , it can be inferred that the rate of increase in q ranged from -3.4-4.8z, 6.5-12.8z, and 8.7-14.9z when Dr was increased from 20 to 50z, 75z, and 90z, respectively. Further evaluation of the tests on well-graded sands revealed that the eŠect of particle shape parameters on strength was less signiˆcant in comparison with grain size distribution parameters, as previously indicated. It was proved in previous studies that the q of better grained soils was greater, and that the eŠect of the relative density on the rate of increase was more pronounced (Koerner, 1970; Shahu and Yudhbir, 1998 ). In Fig. 10 , for sands with relative densities of 20, 50, 75, and 90z, the smallest q values were obtained for soils R4, S4, R4, and R4, respectively. The empirical relationships established among sphericity, roundness, regularity, and increases in q values were not presented here since their performance is rather poor.
Since the relationships obtained for well-graded sands were not satisfactory, it is deemed more reasonable to focus on investigating uniform sands with similar median grain sizes possessing diŠerent particle shape characteristics, which are quantiˆed by use of roundness, sphericity, regularity, and fractal dimension parameters. Image analyses on various sand types yielded admissible knowledge of the particle shape of the sands. An investigation of the results for a speciˆc sandˆneness revealed that no relationships exist between the mean of the particle shape parameters and q. Generally speaking, decreasing regularity resulted in an increase in q values; however, a curvilinear solution to the relationships could not be established.
Increases in roundness values of coarse, medium and ne sands, in comparison to the lowest roundness value of that size, ranged from 38-152z, 26-120z, and 28-112z, respectively. Since no relationship could be established in an algebraic framework, the mean values for roundness and regularity parameters were insu‹cient for modeling changes in q.
Meanwhile, when analyzing Figs. 8 through 10, as well as Table 4 , it is evident that decreasing regularity caused an increase in q. It is known that the fracture surfaces, Relationships between rate of strength increase (m) and standard deviation of particle shape parameters for (a) coarse, (b) medium, and (c)ˆne sands which are dependent on the soil origin, are eŠective in the formation of fracture surfaces. The irregularities on fracture surfaces are fairly e‹cient on the particle shape formation. It is intuitively thought that the contribution of the standard deviation of particle shape parameters should be signiˆcant, especially in higher relative densities. Therefore, more attention is paid to questioning the relationships between the standard deviation of the shape coe‹cients and the increase in q. In order to examine the factors aŠecting the strength parameters of sands, the slope of the best-ˆt lines to the q-Dr variations intercepting the origin were plotted against the standard deviation of the three particle shape parameters under consideration. The rate of increase in the friction angle, the``m'' parameter symbolizes the slope of the best-ˆt line matching the q-relative density plot, namely,
In order to quantify the increase in internal friction angle of miscellaneous shaped sands by increasing the relative density, parameter m is determined using a trial-and-error approach. This parameter is correlated with the standard deviation of several particle shape parameters, and the aim was to formulate the relevance of the q-Dr relationship to the standard deviation of the particle shape identiˆers. An example of the calculation of parameter m is given in Fig. 11 . The performance of the best-ˆt line was determined by the coe‹cient of determination ( R 2 ), which is one of the simplest parameters for evaluating a model performance (Everett, 2002) . The R 2 value, which denotes a well-established model as it converges to 1, is calculated as
where yi is the actual output, pi is the modeled value, and n is the length of data. The relationships among the rate of strength increase and the standard deviation of the particle shape identiˆers in coarse, medium andˆne sands were given in Figs. 12(a), (b) , and (c). In theseˆg ures, sd(r), sd(s), and sd(r) represent the standard deviation of roundness, sphericity, and regularity parameters, respectively. In Fig. 12(a) , the coe‹cients of the determination value ( R 2 ) belonging to the m-sd(r), msd(s), and m-sd(r) relationships in coarse sands were determined as 0.82, 0.53, and 0.74, respectively. Although these values are relatively high, it cannot be said that similar relationships exist for medium andˆne sands. Analyzing the results in Figs. 12(b) and (c), it is apparent that the increases in the standard deviation of parameters sd(s) and sd(r) are not eŠective for the increase in strength, contrary to sd(r). The R 2 values belonging to the m-sd(s)/m-sd(r) relationships in medium andˆne sands were 0.11/0.07 and 0.07/0.09, respectively. Additionally, the R 2 values in the m-sd(r) relationships in medium andˆne sands were computed as 0.61 and 0.59, respectively. Regarding these results, while it can be stated that roundness is an eŠective parameter for the internal friction angle of sands, it can be inferred from the test results that the increase in the internal friction angle of sands, by means of increasing the relative density, was mostly aŠected by a variation in the roundness parameter, in comparison to the latter two particle shape identiˆers.
Relationships between the Fractal Dimension and the Internal Friction Angle of Sands
The fractal dimension is a good measure of the roughness of granular soils, either in micro or macro scale (Hyslip and Vallejo, 1997; Sezer, 2008) . Particle shapes can be represented by relatively independent roundness, sphericity, and roughness parameters, and the fractal dimension parameter uniˆes these three parameters (Gori and Mari, 2001 
where q is the internal friction angle of the soil, and Dtot, D1, and D2 are the total, the textural, and the structural fractal dimension values, respectively.
In well-graded soils, no logical relationships or trends were obtained between the particle shape parameters and the strength properties. Therefore, it was investigated whether any relationships can be established between q and several fractal dimension deˆnitions of poorly graded sands (Table 5) . Apart from the D1, D2, and Dbox values, the DR value is a unique value deˆning the shape characteristics of a grain family. The outcome of this study demonstrated that under high normal stress values, D 1 -q relationships were most conclusive for coarse and medium sands, while the DR dimension was the most explanatory value of q forˆne sands. The q-D1 and q-DR relationships for coarse sands are depicted in Fig. 13 . The variations in q with other fractal dimension descriptors for medium andˆne sands were not given due to the lack of space and they are useless for predictive purposes. In addition, the relationships given in Fig. 13 demonstrate a trend between the fractal dimension and q. Mathematically, however, the strength of these relationships was poor, even though the particle size was kept constant and the q values determined from tests on sands of diŠerent relative densities were separated. Contrary to the study by Gori and Mari (2001) , which includes the results of shear box tests carried out under lower normal stress levels, the dependence of q on Dtot and D2 parameters was not explanatory. In coarse sands, parameter D1 was capable of explaining variations in q. It seems to be evident that the soil yield strength at the textural scale is not exceeded, even for contact surfaces with extremely small cross-sections. In other words, on contact surfaces with very small dimensions, relatively low plastic deformation, roughness, and friction were controlled by microscale regularities. It should be noted that grain size distribution tests, before and after shear box tests, proved that the reduction in particle median size is not signiˆcant. In essence, the DR fractal dimension was useful for evaluating the particle friction angle in coarse sands; the high resolution photos ensure that textural roughness was included in the calculations to a small extent. Changes in q, with several fractal dimension deˆnitions, were quantied and tabulated in Table 5 . The results supported by R 2 values revealed that parameter D 2 brings unexpected behavior in medium sands, whereas parameter DR was relatively more prosperous. Moreover, it was found that parameter Dtot was not thoroughly successful. The textural dimension in coarse and medium sands and the areaperimeter fractal dimension inˆne sands were found to be the best models for q-fractal dimension relationships. It should be emphasized that relationships in line with thê neness, marked with a (*) in Table 5 , are preferable for use in parameter q estimations.
Spearman and Kendall coe‹cients are nonparametric statistics which are capable of measuring the strength of relationships between two parameters. In contrast to the coe‹cient of determination values, which are based on the least squares method, the Spearman coe‹cient computes the relationship by a ranking algorithm, namely,
In this equation, dk is the diŠerence of each rank of corresponding values of two data sets, and ns is the number of value pairs. It should be mentioned that a linear relation-ship between the data sets is not obligatory for the application of Spearman ranking (Myers and Well, 2003) .
In addition, the use of the Kendall coe‹cient is analogous to Spearman's coe‹cient.
where n k is the number of pairs in comparison and P k is the sum of the number of all items, which are ranked after a given item. Two of the parameters range from -1 to 1, similar to the known coe‹cient of correlation in basic statistical knowledge. As details of the Spearman and Kendall coe‹cients are beyond the scope of this study, they can be found elsewhere (Hollander and Wolfe, 1973; Hays, 1973) . Analyzing the Spearman and Kendall coe‹cients in Table 5, parallel to the evaluations derived from the R 2 values, the Spearman coe‹cients belonging to the q-D 1 relationships for coarse and medium sands varied between 0.86-0.90 and 0.95-0.97, respectively. Inˆne sands, Spearman coe‹cients indicating the strength of the q-DR relationship ranged from 0.86-0.98. Nonparametric Kendall coe‹cients of the q-D 1 relationship ranged from 0.70-0.78 and 0.87-0.91 for coarse and medium sands, respectively. Forˆne sands, the Kendall coe‹cients for the q-DR relationship were between 0.73 and 0.93. The obtained negative coe‹cients demonstrate reverse behavior, which was unexpected between q and the fractal dimension parameters, except for parameter Dbox, which should have been inversely-proportional to parameter q. For parameter Dbox, it should be stated that, as the absolute value of the Kendall and the Spearman parameters increase, strength in the relationship is likely to be observed.
CONCLUSIONS
In this study, statistical and experimental investigations were carried out for the estimation of the internal friction angle by means of relative density and particle shape parameters. It should be emphasized that, apart from knowledge concerning the particle-particle interaction, plastic deformations, rotation, and the sliding of particles, the aim was to establish reasonable empirical relationships to estimate the internal friction angle of sands. Another objective of this study was to investigate the degree of variations by means of changes in the particle shape quantiˆer parameters. The following conclusions can be derived from this study:
Firstly, as previously known from the literature, the grain size distribution of granular soils has a greater eŠect on the strength of sands than particle shape. This eŠect was observed by maximum stress observations in shear box tests as well as the internal friction angle values. Therefore, in well-graded sands with diŠerent uniformity (Cu) and curvature (Cc) coe‹cients, the eŠect of particle shape does not seem to have a direct link to changes in the friction angle.
Direct shear tests were conducted on 38 diŠerent types of sands fromˆve diŠerent origins. In addition, image analyses for particle shape evaluation provided a vast amount of data for the particle size-strength relationships. The rate of increase in the friction angle, the``m'' parameter, symbolizes the slope of the best-ˆt line matching the q-relative density plot. This parameter was dened for modeling the particle shape-strength increase relationship. It was found that the m parameter was dependent on the standard deviation of the roundness value, which was proved by the established relationships in this study. The correlations forˆner sands were satisfactory to some degree. The coe‹cient of the determination values (R 2 ), belonging to the m-sd(r) variations, are determined as 0.82, 0.61, and 0.59, respectively.
Since no relationship was observed among the mean roundness, the sphericity, the regularity, and the internal friction angle, relationships were established between several fractal dimension deˆnitions and the internal friction angle. The results of the investigation revealed that textural fractal dimensions are the best descriptor of the internal friction angle in coarse and medium sands, while the area-perimeter fractal dimension is superior for the estimation of q inˆne sands. Investigating the strength of established relationships, the coe‹cient of determination (R 2 ), the Spearman coe‹cient (Rs), and the Kendall coe‹cients (t) for the q-D1 relationship range from 0.69-0.77, 0.85-0.90, and 0.67-0.78, respectively. These parameters are computed between 0.78-0.88, 0.96-0.97, and 0.87-0.91 for the q-D1 relationships of medium sands. On the other hand, R 2 , Rs, and t parameters belonging to the q-DR relationship ofˆne sands are calculated as being between 0.76-0.88, 0.86-0.98, and 0.73-0.92, respectively. The results of this study should be broadened using sands of diŠerent particle shapes and grain size distributions. A larger database containing shape characteristics and shear strength test results of diŠerent types of sands may enable the estimation of the internal friction angle of sands as well as its variation with the relative density by means of empirical relationships. Whether or not it is known that particle shape characteristics strongly aŠect the strength characteristics of granular soils, the results of this study are not fully descriptive regarding the strength variation in clean sands by means of particle shape parameters. In this paper, the relationships between several statistics for particle shape parameters and the internal friction angle, as well as its variation with the relative density of sands, were determined. Further research should be oriented to decipher the soil behavior in shear bands of granular soils using advanced imaging techniques, taking into consideration the particle orientation and interlocking, the overburden pressure, the relative density as well as the particle shape parameters.
BILTEM with projects 105M013, 2005-MUH-021 and 2006-BIL-001.
